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Abstract

We analyze the portfolio choice and the housing investment of an investor over his life span.
The individual can decide how much to invest on financial assets (bonds and stocks), on hous-
ing units owned as well as perishable goods. This paper examines the impact of new and major
sources of risk. Such major events correspond for example to a sudden loss of employment or
for events such as divorce. We assume CES utility function for the consumption of housing and
perishable goods and describe risk aversion with CRRA specification. The final condition is
driven by a bequest left at the end of the life-cycle. We first start with a financial portfolio opti-
mization problem and show how the standard solution is qualitatively and quantitatively af-
fected by independent and exogenous random shocks. Then, we set up a continuous time-model
including real estate investment opportunities. For the CRRA utility functions, we compute ex-
plicitly the optimal solutions. Then, we compute the compensating variations between various
optimization frameworks such as the total ignorance of the random shock (myopic behavior),
the perfect information about the shock’s impact (perfect foresight) and finally the knowledge
of the probability distribution of the shock (rational expectation). This allows to en-light the
main differences between these three basic cases and to provide the monetary utility losses due
to partial information about shock randomness.
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Executive Summary

Standard portfolio and consumption optimization models do not sufficiently take account of
potential additional shock that can occur suddenly and imply significant changes in optimal
strategies. Such shock can correspond for instance to loss of employment, divorce or death of
one member of the couple. In this paper, we introduce this special source of risk correspond-
ing to exogenous random shocks, which are independent from the financial and real estate as-
sets. We show how standard optimization solutions are modified by independent and exogen-
ous random shocks.

We analyze the portfolio choice and the housing investment of an investor over his life span.
The individual can decide how much to invest on financial assets (bonds and stocks), on
housing units owned as well as perishable goods. We assume CES utility function for the
consumption of housing and perishable goods and describe risk aversion with CRRA specifi-
cation. The final condition is driven by a bequest left at the end of the life-cycle. We have
started with a financial portfolio optimization problem. We illustrate how the standard solu-
tion is modified by independent and exogenous random shocks. We consider three basic cas-
es: the first one corresponds to an individual who ignore totally the random shocks: he opti-
mizes his investments as if no future shock can happen (myopic behavior); the second one
considers that the individual is initially perfectly informed about the future consequences of
the shock (perfect foresight); finally, we assume that the individual knows that a shock may
occur but has only a probability distribution of the shock (rational expectation).

For the CRRA utility functions, we compute the explicit optimal solutions. To emphasize the
main differences between these three basic cases, we introduce a quantitative measure based
on the standard economic concept of “compensating variation” to measure the monetary
losses for various optimization frameworks such as the total ignorance of the random shock,
the perfect information about the shock’s impact and finally the knowledge of the probability
distribution of the shock. This allows to en-light the main differences between these three ba-
sic cases and to provide the monetary utility losses due to partial information about shock
randomness

Then, we set up a continuous time-model including real estate investment opportunities. This
model allows the explicit computation of closed-form solutions for the optimal life-cycle
portfolio, housing and consumption strategies for the three basic cases. In the CES and CRRA
case, we show how these optimal strategies are modified for the three cases. We prepare the
exact solutions for each case. In particular, we determine exactly how the potential shock
changes or not the optimal strategies. We prove that the financial shares are not affected
while the consumption ratios are reduced when the individual has a significant relative risk
aversion.
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1 Introduction

The standard literature about dynamic consumption and portfolio management
is based on seminal papers of Samuelson (1969) and Merton (1969, 1971). The
common assumption to model investor choices is the expected utility criterion,
which has been widely developed in the financial portfolio theory. Most of the-
oretical results have been determined in the continuous-time setting. Karatzas
et al. (1986) and Cox and Huang (1989) have determined the optimal strategies
of an investor maximizing the expected utility of his consumption and portfolio
value, when assets prices are assumed to be diffusion processes. Explicit ana-
lytical results can be provided in this framework for standard cases as proved
by Merton (1969). Cvitanic and Karatzas (1996) have solved this problem with
constraints on portfolio. Such results have been further extended for instance by
taking account of market incompleteness, labor income, stochastic horizon...(for
a survey, see e.g. Karatzas and Shreve, 1998; Campbell and Viceira, 2002; Pri-
gent, 2007).! Optimal housing consumption has been further investigated, for
example by Cocco (2005) and Cocco et al. (2005). The optimal housing invest-
ment varies generally much more than the purely financial investments in bonds
and stocks. As illustrated by Kraft and Munk (2011), house prices and labor
incomes are highly correlated and labor income risk can vary with age. Using
life-cycle patterns in expected income growth estimated for distinct educational
groups by Cocco et al. (2005), Kraft and Munk (2011) show for example that
typically college graduates "should less invest in the housing asset early in life
and enter into owner-occupied housing later in life than typical less-educated
individuals". As in Yao and Zhang (2005), they show that significant welfare
gains are obtained by allowing renting and that the flexibility between renting
and owning changes the optimal investment strategy.

In this paper, we introduce another source of risk corresponding to exogenous
random shocks, which are independent from the financial and real estate assets.
They can correspond to a sudden loss of employment or other events such as
divorce.

In Section 2, we first deal with a purely financial portfolio optimization prob-
lem. We illustrate how the standard solution is modified by independent and
exogenous random shocks. We consider three basic cases: the first one corre-
sponds to an individual who ignore totally the random shocks: he optimizes
his investments as if no future shock can happen (myopic behavior); the second
one considers that the individual is initially perfectly informed about the future
consequences of the shock (perfect foresight); finally, we assume that the indi-
vidual knows that a shock may occur but has only a probability distribution of
the shock (rational expectation). For the CRRA utility functions, we determine
the explicit optimal solutions. To emphasize the main differences between these
three basic cases, we introduce a quantitative measure based on the standard
economic concept of "compensating variation" to measure the monetary losses

1 For implementations of methods to compute numerically intertemporal asset allocations,
we refer to Detemple, Garcia and Rindisbacher (2003, 2005).
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due to total ignorance or partial information about shock randomness.?

In Section 3, we set up a continuous-time model including real estate invest-
ment opportunities, as described in Kraft and Munk (2011).

In Section 4, this model allows the explicit computation of closed-form so-
lutions for the optimal life-cycle portfolio, housing and consumption strategies
for the three basic cases. Section 5 summarizes and concludes.

2 Basic example of a model with an exogenous
shock

In what follows, we consider a portfolio investment model with two basic finan-
cial assets: one riskless denoted by B (the "Bond") and one risky denoted by S
(The "Stock"). A random shock can occur at maturity and reduce the terminal
wealth V.

2.1 Asset dynamics and individual’s strategies

We assume that the two basic financial assets follows the dynamics respectively
given by:

%Btﬁ = rdt,
43t — pdt + odWy,

where r denotes the riskless interest rate, p is the instantaneous rate of the risky
return and o denotes the volatility. The process W is assumed to be a standard
Brownian motion.

The individual’s investment and consumption strategies are defined by the
asset shares: (wf =1 —w{); and (w}); and the consumption rate (c;);.

The portfolio value dynamics are given by:

dVy =V, (rdt + wy [(p—r)dt + odWy]) — cidt.

The available information is generated by the Brownian motion (filtration (F3),).
Therefore, the financial market is complete and there exists only one risk-
neutral probability Q, characterized by its Radon-Nikodym derivative (7,):

given by:
d B N2
n= Bl /7] = el (L) wi- 5 (5 4

The utility of portfolio value is defined by:

T
E l /0 w(en)dt + U (V)

2See de Palma and Prigent (2008, 2009) for the notion of compensating variation and its
illustration in portfolio management.
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with the usual CRRA assumptions: u(c) = e~ ** 31:; and U(V) = ‘;1:77 with
v # 1

We assume that the investor may suffer from losses due to an exogenous
factor at maturity. At time 7', the investor’s wealth may decrease due to an
exogenous random shock. This is modelled by a random variable X7. The
random variable Xr is assumed to take its values in [0,1]. For example, the
probability distributions of X7 can be of Bernoulli type :

PXr=1=1-pand P[X; =a]=p, with0<a < 1.

2.2 Myopic behavior

The investor behaves as if a shock could not occur. Thus, his objective is given
by:

T
Mazc s B l/ e Pu(Cy)ds + U (V)
0

Denote j = (v/)~! and J = (U’)~L.
The optimal strategies are given by:

1. Optimal consumption:
C*(t) = {)\n(t)e(p”’)t} .

2. Optimal portfolio value:
Vi=J [)\nTe_"T]

The Lagrange parameter A corresponding to the budget constraint satisfies
A = f~1(Vy), where the function f is defined by:

T
fy) =Ep l /O j (ynte“’*”t) ne”"tdt+ J (ynre”T) nTeTT] :

Assume for example that U(z) = u(x) = 27/ (1 — ~) with v # 1. Then,
we get:

_ Vo
- _1 _1
Ep [fOT (nte(pfr)t) 5 ntefrtdt + (nTefrT) 5 nTefrT:|

2=

-

)

with:

2=

T _
Ep [/ (me("*”ﬁ
0

nee”"tdt + (77T€7TT)7% ﬁTeTT] =
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and

4. Introduce the functions

@ (p, 251, p,0,T,7) =
wof(a- (=) )] e
( (- (=) -1 wren|(a-r (7)) ])
U (p,zim,p,0,T,7y) =

exp | (A (552) —r) 7] 1 A-r(Z21)) 7 7
=l )

The utility of the optimal strategy is given by:

T
E l/o e Py [Anse(p_")s})ds +U (J [)\nTe_"T])]
A5

"

/OT e [, s 4 (ge) (3”_1)] =

= (%) _
(ot s o [(4-r (32)) 7))

Finally, the utility of the optimal strategy is equal to:

1=y
o

)

®(p, 157, p,0,T,7)" .
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5. The utility of the optimal strategy taking account of the possible shock is
given by:

E l/oT e Pu(y [)\nse(p_r)s})ds + U (J [Mpe™] XT)] =

y—1

R s AT RS B
- 0
yior @ <p,E {X;‘rﬂ} it 0, T 7)

Ut =
1= ®(p,1;m,p,0,T,7)" "

2.3 Perfect foresight

The individual knows at the beginning of the period if the shock will occur or
not and consumes/invests accordingly. If the investor knows that the shock X
is equal to a given value z in [0, 1], then his objective is

T
Mazxc s B [/ e Pu(Cs)ds + U (zVr)
0

The optimal strategies are given by:

1. Optimal consumption:
C*(t) = j [M@m(B)er]
2. Optimal portfolio value:
L1 D@
Vi= 7 {T”Te T]

The Lagrange parameter A(z) corresponding to the budget constraint sat-
isfies A(x) = f~!(x, V), where the function f is defined by:

T
1
_ . (p—r)t —rt - Yy —rT —rT
f(z,y) =Ep VO J (yme )me dt+—J (ane )nTe ] :

Assume for example that U(z) = u(x) = 'Y/ (1 — ) with v # 1. Then,
we get:
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3. The optimal weight invested on the risky asset satisfies:

« 1 fp—r
Wg = ~ ( 0_2 > .
4. The utility of the optimal strategy knowing that the shock is equal to x
is given by:

E UOT eP3u(j [/\(x)nse@w)s} )Yds + U (J [A(x)i%em] ﬂ _

o= [T a1 (3 A\
%E l/o e’ [nse(p )} ds—i—(énTe T> ]

Finally, the utility of the optimal strategy is equal to:

1—~ o1
U @) = s (. 1/0) 5 s, )

2.4 Optimal behavior with rational expectation

The individual knows at the beginning of the period that a shock can occur but
he does not know exactly the shock value. He has only a probability distribution
about the random values of the shock. He consumes/invests accordingly. If the
investor knows that the shock X is equal to a given value z in [0, 1], then his
objective is

T
Mazxc s E l/ e Pu(Cy)ds + U (X1 Vr)
0

The optimal strategies are given by:

1. Optimal consumption:
C*(t) = j [Axn()elr1].

2. Optimal portfolio value:

Vi = Jx [Axnpe™]

)

where the function Jyx is the inverse of the function Ux defined by:
Uy (v) = B[U (X7 v)] = / U (z v) Px, (dz),

where Px,.(.) is the probability distribution of the random variable Xr.
Since U is strictly increasing, Ux is also strictly increasing and invertible.
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3. The Lagrange parameter Ax corresponding to the budget constraint sat-
isfies \x = fx'(Vo), where the function fx is defined by:

T
fx(y) = Ep l /0 j (ynte(”‘7'>t) me”"dt + Jx (ynpe” ) mpe” T

Assume for example that U(z) = u(z) = '~/ (1 — v) with v # 1. Then,

we get:
Ux (v) = ——B[U (X7 v)] = —— =7 [Xlﬂ
(1—7) (I=7) T
Uy(v) =v"E [XP}_W] )
—rT
Vi—J Axnpe
B [xr ]
Ay = Yo ,

(A (555 T 1 L1 (1
( G m B[] e |(4-r (35)) 7]
4. The optimal weight invested on the risky asset satisfies:
« 1L fp—r

5. The utility of the optimal strategy, knowing the probability distribution
of X, is given by:

T
E / e Psu(j [)\ane(p_T)sde—i-U XrJ )\XﬁnTe—rT =
0

E[X}*V
N (25)
Ay /T _ sl (5) 1 o
E e™Ps | n elrms ds+ Xp | ——npe™ "
(I-=7) 0 [ } E[ :},_”/] g

Thus, the utility of the optimal strategy is equal to:

1—y

v IR
UR(‘/O) = (107 7)\? (paE |:X71“ ’Yi| 3Ty //’70-7T7 ’Y) .
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2.5 Comparison of the three regimes

To illustrate the main differences between the three previous basic cases, we
consider the notion of compensating variation to measure the monetary losses
due to total ignorance or partial information about shock randomness. The
utility loss from not having access to an optimal portfolio is provided by the
compensating variation measure. If an investor with risk aversion + and initial
investment V{ faces an optimal pair of consumption and portfolio (C*,V*), his

expected utility is E [fOT e P u(CHds + U (XrV}); Vo]. If this investor selects

a non optimal pair (C, V), he will get the same expected utility provided that
he invests the initial amount Vo > V. Therefore, in this case, this investor
requires a (theoretical) compensation V) which satisfies:

T
B l / e Pu(C)ds + U (X V) : Vi
0

T
=K [/ e*psu(C’s)dS +U (XTVT) ;‘7()
0

The amount Vj is in line with the certainty equivalent concept in expected
utility analysis. It can be viewed as an “implied initial investment” necessary
to maintain the level of expected utility. The ratio V/Vp provides a quantative
measure, called the compensating variation, of the monetary utility loss of not
having the optimal investment strategies.

As numerical base case, we consider the following parameter values:

w="7%,0=20%,r =2%,p=4%,T = 1 year

We assume that the random shock X7 has a binomial type distribution:

PXr=1=1-pand P[X; =a]=p, with0<a <1

The numerical base value of parameter p is equal to 0.5.

2.5.1 Myopic versus perfect insight

The compensating variation between the myopic and the perfect insight cases
is given by:

1—v

— 1—
VOJW,P’L E |:\I/ (p, Xj(w 7)/7; T, pﬂo-?T? ’7):|

Vo oo ®(pB[X7 "m0, Tir)
®(p,Lir,u,0,T,y) 7

Figure (1) illustrates how the compensating variation varies according to the
level of the potential loss a, for different relative risk aversions. For relative risk
aversion around 1 (corresponding to the risk-neutral case), the compensating
variations are weak (its maximum is only about 0.4%). For weak and high
relative risk aversions (respectively, v = 0.01 and v = 10), the compensating
variations are very significant (respectively, about 30% and 18% for a potential
loss of 50%).
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Fig. 1. CV of myopic versus perfectly informed strategies as a function of
potential loss

2.5.2 Myopic versus rational expectation

The compensating variation is given by:

1
1—v

1
yarE [ (p,E [Xclpﬂ "t o, T, v)
Vb - é(p,E[quﬂf'y];r“u,a,T,w)

@(p,1;r,p,0,T,y) 7

Figure (2) shows how the compensating variation varies according to the level of
the potential loss a, for different relative risk aversions. For relative risk aversion
around 1 (corresponding to the risk-neutral case), the compensating variations
are weak (its maximum is only about 0.2%). For weak and high relative risk
aversions (respectively, v = 0.01 and v = 10), the compensating variations are
significant (about 20% for both risk aversions for a potential loss of 50%). Note
that the compensating variations between the myopic and rational expectation

cases are smaller than those between the myopic and perfect insight cases.

10
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Fig. 2. CV of myopic versus rational expectation strategies as a function of
potential loss
2.5.3 Rational expectation versus perfect insight

The compensating variation is given by:

1

v (Bl (o, /x5 i o, 7o)\
oo \I’(AE[X?*W”};nu,a,T,v)

Figure (3) shows how the compensating variation varies according to differ-
ent relative risk aversions, for different levels of the potential loss a. For relative
risk aversion around 1 (corresponding to the risk-neutral case), the compen-
sating variations are weak (for v = 1, the compensating variation is nul). For
weak and high relative risk aversions (respectively, v = 0.01 and v = 10), the
compensating variations are significant (about 20% for both risk aversions for
a potential loss of 50%). For losses of 30% and 10% due to random shock , the
monetary utility losses are always smaller than 10% of the loss due to random
shock. Note that the compensating variations between the rational expectation
and the perfect insight cases are smaller than those between the myopic and per-
fect insight cases and also those between the myopic and rational expectation
cases.

11
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3 General dynamic model with a real estate as-
set

3.1 The financial market

The market is assumed to be arbitrage-free and without friction. Financial
transactions occur in continuous-time, along a time period [0,7]. Three basic
assets are available at any time on the market. (1) An instantaneously riskless
money market fund, the Cash, with a price denoted by C. (2) A Stock index
fund with a price S. (3) A Bond fund denoted by B which is a zero-coupon
bond.

To illustrate the results, we assume that the instantaneous riskless interest
rate r; follows an Ornstein-Uhlenbeck process given by:

dry = ap(by — r¢)dt — 0, dWp 4, (1)

where a,, b, and o, are positive constants and W, is a standard Brownian
motion. The market price of interest rate risk is assumed to be constant (see
Vasicek, 1977).

The asset prices dynamics are given by:

(a) Cash:
%M: . @)
(¢) Bond fund:
dB;
E = (Tt +93)dt+0’BdWr7t, (3)

(b) Stock index:

as.
Ttt = (ri +0s)dt + o° (PSBdWr,t + mdw&t) : 4)

where W is another standard Brownian motion, independent of W,., and where
the volatilities 01, 02 and op are positive constants. The parameter fg is the
constant risk premium of the stock, and 0p is the risk premium of the bond
fund, which is a constant.

(d) Housing price:

dH,

A (re + 0 — r™P)dt + o (pypdWyi + DrsdWs s + pdWiye),  (5)

where (W,., Ws, W) is a standard three-dimensional Brownian motion and r#™?
denotes the constant imputed rent corresponding to the market value based on
the net benefits provided by the house.

Coefficients 0,605 and 0y denote the risk premia of bond, stock index and
housing prices. Parameters o, 05 and o correspond to their respective volatil-
ities. The coefficient of correlation between stock and bond is denoted by pgp

13
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while pp 5 denotes the coefficient of correlation between housing price and bond.
Denote pgp the constant correlation between stock and housing prices. Coefli-
cients pyg and py are defined by:

PsH-PsBPHB

Pus =
(1_P%B)

~ / ~2
P = 1*/)%13 —PHS-

The investor optimal portfolio weights of the current total wealth V' invested
on the financial assets M, B and S are respectively denoted by xps, zp and zg.
Let ¢; denote the consumption rate of perishable goods. Introduce respectively
¢ and @, the units of housing owned and rented at time ¢. Let ¢, denote
the total units of housing occupied (pc, = ¥o¢ + @)

At any time ¢, the total wealth is solution of the following stochastic differ-
ential equation:

dB ds
Vi = Viepypr + Vizsio + V(L= 2p0 = 250) = (9or) Hi] redt (6)
t t
+o dH — o, vHdt — cidt.

4 Optimal consumptions and portfolio weights

In what follows, first we recall the model of Kraft and Munk (2011). Then, we
analyze the impact of an exogenous factor that may reduce the portfolio value
at maturity.

4.1 Optimal consumptions and portfolio weights: the stan-
dard case

We consider an investor with an initial capital denoted by V. He is assumed
to maximize expected utility over the time interval [0,7T]. Therefore, his con-
sumption and optimal portfolio weights are solutions of the following problem:

Max E

(epc@B:s)

T
/ U (0, o) dt + T (Vi)
0

We assume that the utility is time-additive with power specification:

—_an 1Y
(Ca(p(l a)) N Vi
T and U (V) = 1— ~

Ulc,p) = with 0 < @ < 1 and vy # 1.

At any time ¢, the utility u index is given by:

1—v
T (C?@Sga)> Vil
uy = 0 By / P it A P Ce*‘S(T*t)— , (7)
¢ 1—n 1—n

14
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where a €]0, 1] defines the relative weight of the two consumption goods. Term
c‘;@g; @) corresponds to CES assumption ("constant elasticity of substitution")
on both the two consumption goods. The coefficient § corresponds to the time
preference parameter. The coefficient v denotes the relative risk aversion. The

parameter ¢ measures the importance of bequest for the individual.

Proposition 1 The optimal perishable consumption rate and the asset weights
are given by:

- av Hk
v u R VA P e N
cy (Vi re, Hy) t _771 —a g(t,TnHt)] 7
B Hk—l
‘PCt( 17, Hy) t ng(tﬂ"t,Ht)]
[1& 1 Ouglt,re, Hy)
wo, (Vi e, Hy) “|You H, + g(t,re, Hy) |’ ©
. 1&g
Tst = yos’
N _ 1 £B Oy 87‘g(t7rt’Ht)
xB,t - ~on  on ot H.)

yop op g(t,re, Hy) '

1 (k—1)

e’

Proposition 2 The risk premia A\g = g—i, A =42 and Ay = g—g are defined

g
from no arbitrage conditions and K
Ny =g+ (V —rimP) Joy.
The three parameters £g, £ and £;.are defined from relation:

1

§p = det [)\B (1 - pZSH) ~ PsB,HAS — pBHvSXH]
1

& = d; [As (1= pBu) = Psp,urB — Psu,pAu]
1

& = g P (1= 058) = psusrs = Pomshs]

with det = 1+ 2pgppupPsy — Pip — Php — Py and we use the notation
Pry,z = Py — Pz,z — Py,z

Proposition 3 The function g is defined by:
g(t7 Tt, Ht) =
-1
CF exp [_D7 (T —t) - VTBK(T - t)rt}

nv
11—«

T _
+ Hf/ exp [—dl(s —t)— aTlBK(S — t)?“s} ds
t
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with:
5 ~v-1 ) (_ v 10,)\3)7—1
Dy(r) = |-+ AN T+ [T+ — B, (7
0 = (24T 1728 1L (7 - B ()
lo} (v—1 2
5% () (-0 - 5m07).
and
B 0  y—1xty 1 p 1 9 9
di(t) = <7+ 272)\)\ k:(ﬂyUH)\H V+2(k: Déogy ) |7
*1 T T *1
‘o <?+ ¥ OrAB B ko O'HPHB> gl (1 — By, (1))
Y K K Y
1a202 (v—1 2 K 2
Lo (T) (7= Bu(r) - £B,(7)?).

The total optimal wealth satisfies:

Vi =W&(Z) =

t dBy dS,
V05(/ Tpt - T ssg + (1 —2Bs—Tss) — (Pos/Vs) Hy] 7sds
0 s s

+ (‘pos/‘/S) dHS - SD’I’SZ/HSdS - (CS/VS) dS)

Proof. See Kraft and Munk (2011). m

4.2 Optimal solution with an exogenous reduction factor

We assume now that the investor may suffer from losses due to an exogenous
factor at maturity. At time 7', the investor’s wealth may decrease due to an
exogenous random shock. This is modelled by a random variable Xp. The
random variable X7 is assumed to take its values in [0, 1.

4.2.1 Optimal solution with myopic behavior

The individual does not take the shock randomness into account. Thus, his
optimal strategies correspond to those of the standard case.

Proposition 4 The optimal perishable consumption rate and the asset weights
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are given by:
M vl av Hf
Vi H \% _—
Cy ( ty Tty t) t _nl_Oég(t,Tt,Ht):| )
HE1
M M t
Vi H, \% —_
wc, Vi, 1, Hy) f ﬁg(t,Tth)] ,
(16 1 Onglt,r, Hy)
M M I T s 'ty
Vi H, vt -4 —=— 9
(pot( ty Tty t) t _,}/ on Ht g(t,Tt,Ht) i ( )
1¢
Lst __S7
YOos
1']]\3/[,5 lé_g - ﬂarg(tﬂ"t;Ht)
’ Yo o g(t,re, Hy) '

His indirect utility is given by:

E

M(1—«)

T
/ U (e, o) dt + U (XrVH)
0

y

-
11—

Mo
E /T efét <Ct ¥
0

0
dt + CeiéTu‘XTli7
-y

4.2.2 Optimal solution with perfect foresight

The individual maximizes his expected utility in particular with respect to the
probability distribution of the random shock Xr.

Proposition 5 With a given exogenous reduction factor x, the optimal con-
sumptions and portfolio weights are given by:

Cfi(‘/htht)
@g:(‘fty Tt, Ht)

wii(‘/h Tty Ht)

Pi
Lst

Pi
Tpt

Pi
Vi

Pi
Vi

Pi
Vi

1&s

av Hf
T —aglt,r, )]’

kal
77At— )
g(t7 Tty Ht)

-iii 8T§(t7rt7Ht):|
\you Hy — g(t,re, Hy) |7

)
YOs

1&p
YOB

where the function ;P\i 1s defined by:

—

Or aT/g\(t7 Tt, Ht)

op g(t,re, Hy) '

gpi(ta Tty Ht) = xl_ﬂ{g(ta Tt, Ht)'
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Proof. Due to the random shock, the new utility on the terminal wealth is
defined by:

(z0)' ™
11—y~
Then, we apply previous optimization results with this modified utility on
the terminal wealth. m

ﬁm(v) =

Corollary 6 The new perishable good consumption ratio cI*(V,'* ry, Hy) /V;F?
and housing consumption ratio gpgf(VtPi,rt,Ht)/VtPi are respectively equal to
the corresponding previous ones divided by x'~7. Thus they are smaller than
previous ones for v > 1. It means that, since the investor takes account of the
reduction x of his terminal wealth, he reduces his intertemporal consumptions
when his relative risk aversion is higher than 1. We have:

8Tg(t7rt7Ht) a’r‘;P\i(t7rtaHt)

— .

g(t,re, H) 9Pt re, Hy)

The new ratio L (V,ES vy, Hy) JV,EY of housing owned is equal to previous
one and the shares w3, and x§', are not affected by the reduction factor.

We note that only the consumption and the total units of housing occupied
are reduced by the same factor 1/x'=7(< 1, for v > 1). The portfolio weights

(housing, stock and bond) are not modified.

His indirect utility is given by:*

T
E / U (P B8y dt + U (XpViED
0

o, Pi(1—a)\ ' 7 ,
T (cf ot > VPil—y
E / e 0t dt + e 0T L X177
0 1= I—~

4.2.3 Optimal solution with rational expectation

The individual maximizes his expected utility in particular knowing the exact
value x of the random shock X7. The individual maximizes his expected utility
in particular with respect to the probability distribution of the random shock
Xr.

Proposition 7 With an exogenous reduction factor, the optimal consumptions

31t is computed by assuming that the value x is random, since the individual knows z but
does not choose himself this latter value.
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and portfolio weights are given by:

. r| av HF
V. H = V. — =~ | >
¢t (Ves e, Hy) ¢ _nl—ozg(tﬂ“t?Ht)}
kal
R R L
AV H. =V =~ 7 | >
@Ct( ts Tty t) t _ng(t7rt7Ht)]
[1¢&, 1 Org(t, e, Hy)
R R T T 9 Y
\V H. = V|- +—="1, 1
@, (Vi, e, Hy) t |y ox Hy + g(t,re, Hy) (1)
1
g = 1
Yos

i~ 1&s  0r Og(tire, M)
. yop op g(t,re, Hy)

where the function ;’\3 is defined by:

—

gR(t,T't,Ht) = ]El |:le«77:| g(t,?"t,Ht).

Proof. Due to the random shock, the new utility on the terminal wealth is

defined by
= XTv)1_7
UR =E 7( .
x(v) l T
Then, we apply previous optimization results with this modified utility on
the terminal wealth. m

Corollary 8 The new perishable good consumption ratio ct(V,2, vy, Hy)/ Vi and
housing consumption ratio wgt (VE, ry, Hy)JVE are respectively equal to the cor-

responding previous ones divided by & X%ﬂ} . Thus they are smaller than previ-

ous ones for~y > 1. It means that, since the investor takes account of a potential
reduction of his terminal wealth, he reduces his intertemporal consumptions ac-
cording to his rational expectation, if his relative risk aversion is higher than 1.
Since we have:
Org(t,re, Hy)  Opg(t, 7, Hy)
g(t,Tt,Ht) /g\(t,Tt,Ht) '
The new ratio @5 (VR ry, Hy)/ViE of housing owned is the and the shares

xgyt s the same as previously and xgyt are not modified by the reduction factor

1/E | X377

It means that that only the consumption and the total units of housing occu-
pied are reduced by the same factor 1/E {X%ﬂ} (< 1, for v >1). The portfolio
weights (housing, stock and bond) remain the same.

His indirect utility is given by:

E

T
/ U (cff, 08;) dt + U (X7 V)
0
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1—y
v () v
E / et dt + Ce T L X1
0 I—v I—n

5 Conclusion

Standard portfolio and consumption optimization models do not sufficiently take
account of potential additional shock that can occur suddenly and imply signif-
icant changes in optimal strategies. Such shock can correspond for instance to
loss of employment, divorce or death of one member of the couple. We show
how standard optimization solutions are modified by independent and exoge-
nous random shocks. We first consider a purely financial portfolio optimization
problem with three basic cases: myopic behavior, perfect foresight and finally
rational expectation. For the CRRA utility functions, we determine the explicit
optimal solutions. We compute the compensating variations between each pair
of solutions to measure the monetary losses due to total ignorance or partial in-
formation about shock randomness. Our results are illustrated by a numerical
base case that shows the importance of monetary losses when the random shock
is not taken into account or not exactly known at the initial date. Then we ex-
amine the problem of the determination of optimal housing, consumption and
financial investment strategies over the life-time cycle. In the CES and CRRA
case, we show how these optimal strategies are modified for the three cases. We
provide the exact solutions for each case. In particular, we determine exactly
how the potential shock changes or not the optimal strategies. We prove that
the financial shares are not affected while the consumption ratios are reduced
when the individual has a significant relative risk aversion.
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