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Abstract 
We analyze the portfolio choice and the housing investment of an investor over his life span. 
The individual can decide how much to invest on financial assets (bonds and stocks), on hous-
ing units owned as well as perishable goods. This paper examines the impact of new and major 
sources of risk. Such major events correspond for example to a sudden loss of employment or 
for events such as divorce. We assume CES utility function for the consumption of housing and 
perishable goods and describe risk aversion with CRRA specification. The final condition is 
driven by a bequest left at the end of the life-cycle. We first start with a financial portfolio opti-
mization problem and show how the standard solution is qualitatively and quantitatively af-
fected by independent and exogenous random shocks. Then, we set up a continuous time-model 
including real estate investment opportunities. For the CRRA utility functions, we compute ex-
plicitly the optimal solutions. Then, we compute the compensating variations between various 
optimization frameworks such as the total ignorance of the random shock (myopic behavior), 
the perfect information about the shock’s impact (perfect foresight) and finally the knowledge 
of the probability distribution of the shock (rational expectation). This allows to en-light the 
main differences between these three basic cases and to provide the monetary utility losses due 
to partial information about shock randomness. 

Keywords 

Portfolio optimization; Housing consumption; Real estate; S hock randomness; Compensating 
variations  
 

Preferred citation style 

de Palma, A. and J.-L. Prigent (2012) Optimal housing consumption and portfolio choice with 
exogenous random shocks, SustainCity Working Paper, 3.1, ENS-Cachan, France. 



Working Paper 3.1: Optimal housing ________________________________________________________ 23/02/2012 

1 

Executive Summary 
Standard portfolio and consumption optimization models do not sufficiently take account of 
potential additional shock that can occur suddenly and imply significant changes in optimal 
strategies. Such shock can correspond for instance to loss of employment, divorce or death of 
one member of the couple. In this paper, we introduce this special source of risk correspond-
ing to exogenous random shocks, which are independent from the financial and real estate as-
sets. We show how standard optimization solutions are modified by independent and exogen-
ous random shocks.  

We analyze the portfolio choice and the housing investment of an investor over his life span. 
The individual can decide how much to invest on financial assets (bonds and stocks), on 
housing units owned as well as perishable goods. We assume CES utility function for the 
consumption of housing and perishable goods and describe risk aversion with CRRA specifi-
cation. The final condition is driven by a bequest left at the end of the life-cycle. We have 
started with a financial portfolio optimization problem. We illustrate how the standard solu-
tion is modified by independent and exogenous random shocks. We consider three basic cas-
es: the first one corresponds to an individual who ignore totally the random shocks: he opti-
mizes his investments as if no future shock can happen (myopic behavior); the second one 
considers that the individual is initially perfectly informed about the future consequences of 
the shock (perfect foresight); finally, we assume that the individual knows that a shock may 
occur but has only a probability distribution of the shock (rational expectation).  

For the CRRA utility functions, we compute the explicit optimal solutions. To emphasize the 
main differences between these three basic cases, we introduce a quantitative measure based 
on the standard economic concept of "compensating variation" to measure the monetary 
losses for various optimization frameworks such as the total ignorance of the random shock, 
the perfect information about the shock’s impact and finally the knowledge of the probability 
distribution of the shock. This allows to en-light the main differences between these three ba-
sic cases and to provide the monetary utility losses due to partial information about shock 
randomness 

Then, we set up a continuous time-model including real estate investment opportunities. This 
model allows the explicit computation of closed-form solutions for the optimal life-cycle 
portfolio, housing and consumption strategies for the three basic cases. In the CES and CRRA 
case, we show how these optimal strategies are modified for the three cases. We prepare the 
exact solutions for each case. In particular, we determine exactly how the potential shock 
changes or not the optimal strategies. We prove that the financial shares are not affected 
while the consumption ratios are reduced when the individual has a significant relative risk 
aversion. 



1 Introduction

The standard literature about dynamic consumption and portfolio management
is based on seminal papers of Samuelson (1969) and Merton (1969, 1971). The
common assumption to model investor choices is the expected utility criterion,
which has been widely developed in the financial portfolio theory. Most of the-
oretical results have been determined in the continuous-time setting. Karatzas
et al. (1986) and Cox and Huang (1989) have determined the optimal strategies
of an investor maximizing the expected utility of his consumption and portfolio
value, when assets prices are assumed to be diffusion processes. Explicit ana-
lytical results can be provided in this framework for standard cases as proved
by Merton (1969). Cvitanic and Karatzas (1996) have solved this problem with
constraints on portfolio. Such results have been further extended for instance by
taking account of market incompleteness, labor income, stochastic horizon...(for
a survey, see e.g. Karatzas and Shreve, 1998; Campbell and Viceira, 2002; Pri-
gent, 2007).1 Optimal housing consumption has been further investigated, for
example by Cocco (2005) and Cocco et al. (2005). The optimal housing invest-
ment varies generally much more than the purely financial investments in bonds
and stocks. As illustrated by Kraft and Munk (2011), house prices and labor
incomes are highly correlated and labor income risk can vary with age. Using
life-cycle patterns in expected income growth estimated for distinct educational
groups by Cocco et al. (2005), Kraft and Munk (2011) show for example that
typically college graduates "should less invest in the housing asset early in life
and enter into owner-occupied housing later in life than typical less-educated
individuals". As in Yao and Zhang (2005), they show that significant welfare
gains are obtained by allowing renting and that the flexibility between renting
and owning changes the optimal investment strategy.

In this paper, we introduce another source of risk corresponding to exogenous
random shocks, which are independent from the financial and real estate assets.
They can correspond to a sudden loss of employment or other events such as
divorce.

In Section 2, we first deal with a purely financial portfolio optimization prob-
lem. We illustrate how the standard solution is modified by independent and
exogenous random shocks. We consider three basic cases: the first one corre-
sponds to an individual who ignore totally the random shocks: he optimizes
his investments as if no future shock can happen (myopic behavior); the second
one considers that the individual is initially perfectly informed about the future
consequences of the shock (perfect foresight); finally, we assume that the indi-
vidual knows that a shock may occur but has only a probability distribution of
the shock (rational expectation). For the CRRA utility functions, we determine
the explicit optimal solutions. To emphasize the main differences between these
three basic cases, we introduce a quantitative measure based on the standard
economic concept of "compensating variation" to measure the monetary losses

1 For implementations of methods to compute numerically intertemporal asset allocations,
we refer to Detemple, Garcia and Rindisbacher (2003, 2005).
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due to total ignorance or partial information about shock randomness.2

In Section 3, we set up a continuous-time model including real estate invest-
ment opportunities, as described in Kraft and Munk (2011).

In Section 4, this model allows the explicit computation of closed-form so-
lutions for the optimal life-cycle portfolio, housing and consumption strategies
for the three basic cases. Section 5 summarizes and concludes.

2 Basic example of a model with an exogenous

shock

In what follows, we consider a portfolio investment model with two basic finan-
cial assets: one riskless denoted by B (the "Bond") and one risky denoted by S
(The "Stock"). A random shock can occur at maturity and reduce the terminal
wealth VT .

2.1 Asset dynamics and individual’s strategies

We assume that the two basic financial assets follows the dynamics respectively
given by:

{
dBt

Bt
= rdt,

dSt
St
= µdt+ σdWt,

where r denotes the riskless interest rate, µ is the instantaneous rate of the risky
return and σ denotes the volatility. The process W is assumed to be a standard
Brownian motion.

The individual’s investment and consumption strategies are defined by the
asset shares: (wB

t = 1−wS
t )t and (wS

t )t and the consumption rate (ct)t.
The portfolio value dynamics are given by:

dVt = Vt
(
rdt+ wS

t [(µ− r) dt+ σdWt]
)
− ctdt.

The available information is generated by the Brownian motion (filtration (Ft)t).
Therefore, the financial market is complete and there exists only one risk-

neutral probability Q, characterized by its Radon-Nikodym derivative (ηt)t
given by:

ηt = E[
dQ

dP
/Ft] = exp[−

(
µ− r

σ

)
Wt −

1

2

(
µ− r

σ

)2
t]

The utility of portfolio value is defined by:

E

[∫ T

0

u(ct)dt+ U(VT )

]

2 See de Palma and Prigent (2008, 2009) for the notion of compensating variation and its
illustration in portfolio management.

3

Working Paper 3.1: Optimal housing                                        _____________________________________________ 23/02/2012



with the usual CRRA assumptions: u(c) = e−ρt c
1−γ

1−γ and U(V ) = V 1−γ

1−γ with
γ �= 1.

We assume that the investor may suffer from losses due to an exogenous
factor at maturity. At time T , the investor’s wealth may decrease due to an
exogenous random shock. This is modelled by a random variable XT . The
random variable XT is assumed to take its values in [0, 1]. For example, the
probability distributions of XT can be of Bernoulli type :

P [XT = 1] = 1− p and P [XT = a] = p, with 0 < a < 1.

2.2 Myopic behavior

The investor behaves as if a shock could not occur. Thus, his objective is given
by:

MaxC,wS E

[∫ T

0

e−ρsu(Cs)ds+ U (VT )

]
.

Denote j = (u′)−1 and J = (U ′)−1.
The optimal strategies are given by:

1. Optimal consumption:

C∗(t) = j
[
λη(t)e(ρ−r)t

]
.

2. Optimal portfolio value:

V ∗

T = J
[
ληT e

−rT
]

The Lagrange parameter λ corresponding to the budget constraint satisfies
λ = f−1(V0), where the function f is defined by:

f(y) = EP

[∫ T

0

j
(
yηte

(ρ−r)t
)
ηte

−rtdt+ J
(
yηT e

−rT
)
ηT e

−rT

]
.

Assume for example that U(x) = u(x) = x1−γ/ (1− γ) with γ �= 1. Then,
we get:

λ−
1

γ =
V0

EP
[∫ T
0

(
ηte

(ρ−r)t
)− 1

γ ηte
−rtdt+ (ηT e

−rT )
−

1

γ ηT e
−rT
] ,

with:

EP

[∫ T

0

(
ηte

(ρ−r)t
)− 1

γ

ηte
−rtdt+

(
ηT e

−rT
)− 1

γ ηT e
−rT

]
=

4
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exp
[(

A−
(
ρ−r
γ

)
− r
)
T
]
− 1

[(
A−
(
ρ−r
γ

)
− r
)
T
] + exp

[(
A− r

(
γ − 1

γ

))
T

]
,

and

A = −
1

2

(
γ − 1

γ2

)(
µ− r

σ

)2
.

3.

w
∗

S =
1

γ

(
µ− r

σ2

)
.

4. Introduce the functions

Φ(ρ, z; r, µ, σ, T, γ) =



exp
[(

A−
(
ρ−r
γ

)
− r
)
T
]
− 1

[(
A−
(
ρ−r
γ

)
− r
)
T
] + z exp

[(
A− r

(
γ − 1

γ

))
T

]


and
Ψ(ρ, z; r, µ, σ, T, γ) =



exp
[(

A−
(
ρ−r
γ

)
− r
)
T
]
− 1

[(
A−
(
ρ−r
γ

)
− r
)
T
] + z exp

[(
A− r

(
γ − 1

γ

))
T

]


γ

The utility of the optimal strategy is given by:

E

[∫ T

0

e−ρsu(j
[
ληse

(ρ−r)s
]
)ds+ U

(
J
[
ληT e

−rT
])
]
=

λ
γ−1
γ

(1− γ)
E

[∫ T

0

e−ρs
[
ηse

(ρ−r)s
](γ−1γ )

ds+
(
ηT e

−rT
)(γ−1γ )

]
=

λ
γ−1
γ

(1− γ)



exp
[(

A+ (ρ− r)
(
γ−1
γ

)
− ρ
)
T
]
− 1

[(
A+ (ρ− r)

(
γ−1
γ

)
− ρ
)
T
] + exp

[(
A− r

(
γ − 1

γ

))
T

]


with

λ
γ−1
γ =

(
V0
)1−γ

(
exp[(A−( ρ−rγ )−r)T ]−1
[(A−( ρ−rγ )−r)T ]

+ exp
[(

A− r
(
γ−1
γ

))
T
])1−γ .

Finally, the utility of the optimal strategy is equal to:

U =
V 1−γ
0

(1− γ)
Φ (ρ, 1; r, µ, σ, T, γ)γ .
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5. The utility of the optimal strategy taking account of the possible shock is
given by:

E

[∫ T

0

e−ρsu(j
[
ληse

(ρ−r)s
]
)ds+ U

(
J
[
ληT e

−rT
]
XT

)
]
=

λ
γ−1
γ

(1− γ)
E

[∫ T

0

e−ρs
[
ηse

(ρ−r)s
](γ−1γ )

ds+
(
ηT e

−rT
)(γ−1γ ) E

[
X1−γ
T

]]
=

UM =
V 1−γ
0

(1− γ)

Φ
(
ρ,E
[
X1−γ
T

]
; r, µ, σ, T, γ

)

Φ(ρ, 1; r, µ, σ, T, γ)1−γ
.

2.3 Perfect foresight

The individual knows at the beginning of the period if the shock will occur or
not and consumes/invests accordingly. If the investor knows that the shock XT

is equal to a given value x in [0, 1], then his objective is

MaxC,wS E

[∫ T

0

e−ρsu(Cs)ds+ U (xVT )

]
.

The optimal strategies are given by:

1. Optimal consumption:

C∗(t) = j
[
λ(x)η(t)e(ρ−r)t

]
.

2. Optimal portfolio value:

V ∗

T =
1

x
J

[
λ(x)

x
ηT e

−rT

]

The Lagrange parameter λ(x) corresponding to the budget constraint sat-
isfies λ(x) = f−1(x, V0), where the function f is defined by:

f(x, y) = EP

[∫ T

0

j
(
yηte

(ρ−r)t
)
ηte

−rtdt+
1

x
J
(y
x
ηT e

−rT
)
ηT e

−rT

]
.

Assume for example that U(x) = u(x) = x1−γ/ (1− γ) with γ �= 1. Then,
we get:

λ(x)−
1

γ =
V0(

exp[(A−( ρ−rγ )−r)T ]−1
[(A−( ρ−rγ )−r)T ]

+
(
1
x

) γ−1
γ exp

[(
A− r

(
γ−1
γ

))
T
]) ,
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3. The optimal weight invested on the risky asset satisfies:

w
∗

S =
1

γ

(
µ− r

σ2

)
.

4. The utility of the optimal strategy knowing that the shock is equal to x
is given by:

E

[∫ T

0

e−ρsu(j
[
λ(x)ηse

(ρ−r)s
]
)ds+ U

(
J

[
λ(x)

1

x
ηT e

−rT

])]
=

λ(x)
γ−1
γ

(1− γ)
E

[∫ T

0

e−ρs
[
ηse

(ρ−r)s
](γ−1γ )

ds+

(
1

x
ηT e

−rT

)( γ−1γ )]
.

Finally, the utility of the optimal strategy is equal to:

UPi(x) =
V 1−γ
0

(1− γ)
Ψ
(
ρ, (1/x)(

γ−1
γ ) ; r, µ, σ, T, γ

)
.

2.4 Optimal behavior with rational expectation

The individual knows at the beginning of the period that a shock can occur but
he does not know exactly the shock value. He has only a probability distribution
about the random values of the shock. He consumes/invests accordingly. If the
investor knows that the shock XT is equal to a given value x in [0, 1], then his
objective is

MaxC,wS E

[∫ T

0

e−ρsu(Cs)ds+ U (XTVT )

]
.

The optimal strategies are given by:

1. Optimal consumption:

C∗(t) = j
[
λXη(t)e(ρ−r)t

]
.

2. Optimal portfolio value:

V ∗

T = JX
[
λXηT e

−rT
]
,

where the function JX is the inverse of the function UX defined by:

UX(v) = E [U (XT v)] =

∫
U (x v)PXT

(dx),

where PXT
(.) is the probability distribution of the random variable XT .

Since U is strictly increasing, UX is also strictly increasing and invertible.

7
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3. The Lagrange parameter λX corresponding to the budget constraint sat-
isfies λX = f−1X (V0), where the function fX is defined by:

fX(y) = EP

[∫ T

0

j
(
yηte

(ρ−r)t
)
ηte

−rtdt+ JX
(
yηT e

−rT
)
ηT e

−rT

]
.

Assume for example that U(x) = u(x) = x1−γ/ (1− γ) with γ �= 1. Then,
we get:

UX(v) =
1

(1− γ)
E [U (XT v)] =

1

(1− γ)
v1−γE

[
X1−γ
T

]
,

U ′

X(v) = v−γE
[
X1−γ
T

]
,

V ∗

T = J


λXηT e

−rT

E
[
X1−γ
T

]

 ,

λ
−

1

γ

X =
V0(

exp[(A+( ρ−rγ )−r)T ]−1
[(A+( ρ−rγ )−r)T ]

+ E
[
X1−γ
T

] 1
γ

exp
[(

A− r
(
γ−1
γ

))
T
]) ,

4. The optimal weight invested on the risky asset satisfies:

w
∗

S =
1

γ

(
µ− r

σ2

)
.

5. The utility of the optimal strategy, knowing the probability distribution
of XT , is given by:

E



∫ T

0

e−ρsu(j
[
λXηse

(ρ−r)s
]
)ds+ U


XTJ


λX

1

E
[
X1−γ
T

]ηT e−rT





 =

λ
γ−1
γ

X

(1− γ)
E



∫ T

0

e−ρs
[
ηse

(ρ−r)s
]( γ−1γ )

ds+XT


 1

E
[
X1−γ
T

]ηT e−rT


(γ−1γ )


 .

Thus, the utility of the optimal strategy is equal to:

UR(V0) =
V 1−γ
0

(1− γ)
Ψ

(
ρ,E
[
X1−γ
T

] 1
γ

; r, µ, σ, T, γ

)
.
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2.5 Comparison of the three regimes

To illustrate the main differences between the three previous basic cases, we
consider the notion of compensating variation to measure the monetary losses
due to total ignorance or partial information about shock randomness. The
utility loss from not having access to an optimal portfolio is provided by the
compensating variation measure. If an investor with risk aversion γ and initial
investment V0 faces an optimal pair of consumption and portfolio (C∗, V ∗), his

expected utility is E
[∫ T
0 e−ρsu(C∗s )ds+ U (XTV ∗

T ) ;V0
]
. If this investor selects

a non optimal pair (C,V ), he will get the same expected utility provided that
he invests the initial amount Ṽ0 ≥ V0. Therefore, in this case, this investor
requires a (theoretical) compensation Ṽ0 which satisfies:

E

[∫ T

0

e−ρsu(C∗s )ds+ U (XTV
∗

T ) ;V0

]
= E

[∫ T

0

e−ρsu(Cs)ds+ U (XTVT ) ; Ṽ0

]
.

The amount Ṽ0 is in line with the certainty equivalent concept in expected
utility analysis. It can be viewed as an “implied initial investment” necessary
to maintain the level of expected utility. The ratio Ṽ0/V0 provides a quantative
measure, called the compensating variation, of the monetary utility loss of not
having the optimal investment strategies.

As numerical base case, we consider the following parameter values:

µ = 7%, σ = 20%, r = 2%, ρ = 4%, T = 1 year

We assume that the random shock XT has a binomial type distribution:

P [XT = 1] = 1− p and P [XT = a] = p, with 0 < a < 1.

The numerical base value of parameter p is equal to 0.5.

2.5.1 Myopic versus perfect insight

The compensating variation between the myopic and the perfect insight cases
is given by:

V̂M,Pi
0

V0
=



E
[
Ψ
(
ρ,X

(1−γ)/γ
T ; r, µ, σ, T, γ

)]

Φ(ρ,E[X1−γ
T ];r,µ,σ,T,γ)

Φ(ρ,1;r,µ,σ,T,γ)1−γ




1

1−γ

.

Figure (1) illustrates how the compensating variation varies according to the
level of the potential loss a, for different relative risk aversions. For relative risk
aversion around 1 (corresponding to the risk-neutral case), the compensating
variations are weak (its maximum is only about 0.4%). For weak and high
relative risk aversions (respectively, γ = 0.01 and γ = 10), the compensating
variations are very significant (respectively, about 30% and 18% for a potential
loss of 50%).
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Fig. 1. CV of myopic versus perfectly informed strategies as a function of

potential loss

2.5.2 Myopic versus rational expectation

The compensating variation is given by:

V̂M,R
0

V0
=



Ψ

(
ρ,E
[
X1−γ
T

] 1
γ

; r, µ, σ, T, γ

)

Φ(ρ,E[X1−γ
T ];r,µ,σ,T,γ)

Φ(ρ,1;r,µ,σ,T,γ)1−γ




1

1−γ

.

Figure (2) shows how the compensating variation varies according to the level of
the potential loss a, for different relative risk aversions. For relative risk aversion
around 1 (corresponding to the risk-neutral case), the compensating variations
are weak (its maximum is only about 0.2%). For weak and high relative risk
aversions (respectively, γ = 0.01 and γ = 10), the compensating variations are
significant (about 20% for both risk aversions for a potential loss of 50%). Note
that the compensating variations between the myopic and rational expectation
cases are smaller than those between the myopic and perfect insight cases.
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Fig. 2. CV of myopic versus rational expectation strategies as a function of

potential loss

2.5.3 Rational expectation versus perfect insight

The compensating variation is given by:

V̂ R,Pi
0

V0
=



E
[
Ψ
(
ρ, (1/XT )

(γ−1γ ) ; r, µ, σ, T, γ
)]

Ψ
(
ρ,E
[
X
(1−γ)/γ
T

]
; r, µ, σ, T, γ

)



1

1−γ

.

Figure (3) shows how the compensating variation varies according to differ-
ent relative risk aversions, for different levels of the potential loss a. For relative
risk aversion around 1 (corresponding to the risk-neutral case), the compen-
sating variations are weak (for γ = 1, the compensating variation is nul). For
weak and high relative risk aversions (respectively, γ = 0.01 and γ = 10), the
compensating variations are significant (about 20% for both risk aversions for
a potential loss of 50%). For losses of 30% and 10% due to random shock , the
monetary utility losses are always smaller than 10% of the loss due to random
shock. Note that the compensating variations between the rational expectation
and the perfect insight cases are smaller than those between the myopic and per-
fect insight cases and also those between the myopic and rational expectation
cases.
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Fig. 3. CV of rational expectation versus perfectly informed strategies as a

function of relative risk aversion
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3 General dynamic model with a real estate as-

set

3.1 The financial market

The market is assumed to be arbitrage-free and without friction. Financial
transactions occur in continuous-time, along a time period [0, T ]. Three basic
assets are available at any time on the market. (1) An instantaneously riskless
money market fund, the Cash, with a price denoted by C. (2) A Stock index
fund with a price S. (3) A Bond fund denoted by B which is a zero-coupon
bond.

To illustrate the results, we assume that the instantaneous riskless interest
rate rt follows an Ornstein-Uhlenbeck process given by:

drt = ar(br − rt)dt− σrdWr,t, (1)

where ar, br and σr are positive constants and Wr is a standard Brownian
motion. The market price of interest rate risk is assumed to be constant (see
Vasicek, 1977).

The asset prices dynamics are given by:

(a) Cash:
dMt

Mt
= rtdt. (2)

(c) Bond fund:
dBt

Bt
= (rt + θB)dt+ σBdWr,t, (3)

(b) Stock index:

dSt
St

= (rt + θS)dt+ σS
(
ρSBdWr,t +

√
(1− ρ2SB)dWS,t

)
. (4)

where W is another standard Brownian motion, independent of Wr, and where
the volatilities σ1, σ2 and σB are positive constants. The parameter θS is the
constant risk premium of the stock, and θB is the risk premium of the bond
fund, which is a constant.

(d) Housing price:

dHt

Ht
= (rt + θH − rimp)dt+ σH (ρHBdWr,t + ρ̃HSdWS,t + ρ̃HdWH,t) , (5)

where (Wr,WS,WH) is a standard three-dimensional Brownian motion and rimp

denotes the constant imputed rent corresponding to the market value based on
the net benefits provided by the house.

Coefficients θB, θS and θH denote the risk premia of bond, stock index and
housing prices. Parameters σB , σS and σH correspond to their respective volatil-
ities. The coefficient of correlation between stock and bond is denoted by ρSB
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while ρHB denotes the coefficient of correlation between housing price and bond.
Denote ρSH the constant correlation between stock and housing prices. Coeffi-
cients ρ̃HS and ρ̃H are defined by:

ρ̃HS =
ρSH−ρSBρHB√
(1− ρ2SB)

,

ρ̃H =
√
1− ρ2HB − ρ̃2HS.

The investor optimal portfolio weights of the current total wealth V invested
on the financial assets M, B and S are respectively denoted by xM , xB and xS.
Let ct denote the consumption rate of perishable goods. Introduce respectively
ϕot and ϕrt the units of housing owned and rented at time t. Let ϕCt denote
the total units of housing occupied (ϕCt = ϕot + ϕrt).

At any time t, the total wealth is solution of the following stochastic differ-
ential equation:

dVt = VtxB,t
dBt

Bt
+ VtxS,t

dSt
St

+ [Vt (1− xB,t − xS,t)− (ϕot)Ht] rtdt (6)

+ϕotdHt − ϕrtνHtdt− ctdt.

4 Optimal consumptions and portfolio weights

In what follows, first we recall the model of Kraft and Munk (2011). Then, we
analyze the impact of an exogenous factor that may reduce the portfolio value
at maturity.

4.1 Optimal consumptions and portfolio weights: the stan-

dard case

We consider an investor with an initial capital denoted by V0. He is assumed
to maximize expected utility over the time interval [0, T ]. Therefore, his con-
sumption and optimal portfolio weights are solutions of the following problem:

Max
(c,ϕC ,xB,xS)

E

[∫ T

0

U (ct, ϕCt) dt+ Û (VT )

]
.

We assume that the utility is time-additive with power specification:

U (c, ϕ) =

(
cαϕ(1−α)

)1−γ

1− γ
and Û (V ) =

V 1−γ

1− γ
with 0 < α < 1 and γ �= 1.

At any time t, the utility u index is given by:

ut = δ Et



∫ T

t

e−δ(s−t)

(
cαsϕ

(1−α)
Cs

)1−γ

1− γ
ds+ ζe−δ(T−t)

VT
1−γ

1− γ


 , (7)
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where α ∈]0, 1[ defines the relative weight of the two consumption goods. Term

cαsϕ
(1−α)
Cs corresponds to CES assumption ("constant elasticity of substitution")

on both the two consumption goods. The coefficient δ corresponds to the time
preference parameter. The coefficient γ denotes the relative risk aversion. The
parameter ζ measures the importance of bequest for the individual.

Proposition 1 The optimal perishable consumption rate and the asset weights
are given by:

c∗t (Vt, rt,Ht) = Vt

[
η

αν

1− α

Hk
t

g(t, rt,Ht)

]
,

ϕ∗Ct(Vt, rt,Ht) = Vt

[
η

Hk−1
t

g(t, rt,Ht)

]
,

ϕ∗ot(Vt, rt,Ht) = Vt

[
1

γ

ξI
σH

1

Ht
+

∂rg(t, rt,Ht)

g(t, rt,Ht)

]
, (8)

x∗S,t =
1

γ

ξS
σS

,

x∗B,t =
1

γ

ξB
σB

−
σr
σB

∂rg(t, rt,Ht)

g(t, rt,Ht)
,

with k = (1− 1
γ )(1− α) and η = (δα)

1

γ

(
αν
1−α

)(k−1)
.

Proposition 2 The risk premia λS =
θS
σS

, λB =
θB
σB

and λH = θH
σH

are defined
from no arbitrage conditions and

λ′H = λH +
(
ν − rimp

)
/σH .

The three parameters ξB, ξS and ξI .are defined from relation:

ξB =
1

det

[
λB
(
1− ρ2SH

)
− ρSB,HλS − ρBH,Sλ

′

H

]

ξS =
1

det

[
λS
(
1− ρ2BH

)
− ρSB,HλB − ρSH,Bλ

′

H

]

ξI =
1

det

[
λ′H
(
1− ρ2SB

)
− ρSH,BλS − ρBH,SλB

]

with det = 1 + 2ρSBρHBρSH − ρ2SB − ρ2HB − ρ2SH and we use the notation
:ρxy,z = ρxy − ρx,z − ρy,z.

Proposition 3 The function g is defined by:

g(t, rt,Ht) =

ζ
1

γ exp

[
−Dγ(T − t)−

γ − 1

γ
Bκ(T − t)rt

]

+
ην

1− α
Hk
t

∫ T

t

exp

[
−d1(s− t)− α

γ − 1

γ
Bκ(s− t)rs

]
ds
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with:

Dγ(τ) =

(
δ

γ
+

γ − 1

2γ2
λ̃
t
λ̃

)
τ +

(
r +

γ − 1

γ

σrλB
κ

)
γ − 1

γ
(τ −Bκ (τ))

−
1

2

σ2r
κ2

(
γ − 1

γ

)2 (
τ −Bκ (τ)−

κ

2
Bκ (τ)

2
)
,

and

d1(τ) =

(
δ

γ
+

γ − 1

2γ2
λ̃
t
λ̃− k

(
1

γ
σHλ′H − ν +

1

2
(k − 1)2σ2H

))
τ

+α

(
r +

γ − 1

γ

σrλB
κ

−
kσrσHρHB

κ

)
γ − 1

γ
(τ −Bκ (τ))

−
1

2

α2σ2r
κ2

(
γ − 1

γ

)2 (
τ −Bκ (τ)−

κ

2
Bκ (τ)

2
)
,

The total optimal wealth satisfies:

V ∗

t = V0E(Zt) =

V0E(

∫ t

0

xB,t
dBs

Bs
+ xS,s

dSs
Ss

+ [(1− xB,s − xS,s)− (ϕos/Vs)Hs] rsds

+(ϕos/Vs) dHs − ϕrsνHsds− (cs/Vs) ds)

Proof. See Kraft and Munk (2011).

4.2 Optimal solution with an exogenous reduction factor

We assume now that the investor may suffer from losses due to an exogenous
factor at maturity. At time T , the investor’s wealth may decrease due to an
exogenous random shock. This is modelled by a random variable XT . The
random variable XT is assumed to take its values in [0, 1[.

4.2.1 Optimal solution with myopic behavior

The individual does not take the shock randomness into account. Thus, his
optimal strategies correspond to those of the standard case.

Proposition 4 The optimal perishable consumption rate and the asset weights
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are given by:

cMt (Vt, rt,Ht) = VM
t

[
η

αν

1− α

Hk
t

g(t, rt,Ht)

]
,

ϕMCt(Vt, rt,Ht) = VM
t

[
η

Hk−1
t

g(t, rt,Ht)

]
,

ϕMot (Vt, rt,Ht) = VM
t

[
1

γ

ξI
σH

1

Ht
+

∂rg(t, rt,Ht)

g(t, rt,Ht)

]
, (9)

xMS,t =
1

γ

ξS
σS

,

xMB,t =
1

γ

ξB
σB

−
σr
σB

∂rg(t, rt,Ht)

g(t, rt,Ht)
,

His indirect utility is given by:

E

[∫ T

0

U
(
cMt , ϕMCt

)
dt+ Û

(
XTV

M
T

)
]
=

E



∫ T

0

e−δt

(
cMα
t ϕ

M(1−α)
Ct

)1−γ

1− γ
dt+ ζe−δT

VM
T

1−γ

1− γ
XT

1−γ


 .

4.2.2 Optimal solution with perfect foresight

The individual maximizes his expected utility in particular with respect to the
probability distribution of the random shock XT .

Proposition 5 With a given exogenous reduction factor x, the optimal con-
sumptions and portfolio weights are given by:

cPit (Vt, rt,Ht) = V Pi
t

[
η

αν

1− α

Hk
t

ĝ(t, rt,Ht)

]
,

ϕPiCt(Vt, rt,Ht) = V Pi
t

[
η

Hk−1
t

ĝ(t, rt,Ht)

]
,

ϕPiot (Vt, rt,Ht) = V Pi
t

[
1

γ

ξI
σH

1

Ht
+

∂rĝ(t, rt,Ht)

ĝ(t, rt,Ht)

]
, (10)

xPiS,t =
1

γ

ξS
σS

,

xPiB,t =
1

γ

ξB
σB

−
σr
σB

∂rĝ(t, rt,Ht)

ĝ(t, rt,Ht)
,

where the function ĝPi is defined by:

ĝPi(t, rt,Ht) = x1−γg(t, rt,Ht).
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Proof. Due to the random shock, the new utility on the terminal wealth is
defined by:

ÛPi
x(v) =

(xv)1−γ

1− γ
.

Then, we apply previous optimization results with this modified utility on
the terminal wealth.

Corollary 6 The new perishable good consumption ratio cPit (V
Pi
t , rt,Ht)/V

Pi
t

and housing consumption ratio ϕPiCt(V
Pi
t , rt,Ht)/V

Pi
t are respectively equal to

the corresponding previous ones divided by x1−γ. Thus they are smaller than
previous ones for γ > 1. It means that, since the investor takes account of the
reduction x of his terminal wealth, he reduces his intertemporal consumptions
when his relative risk aversion is higher than 1. We have:

∂rg(t, rt,Ht)

g(t, rt,Ht)
=

∂rĝPi(t, rt,Ht)

ĝPi(t, rt,Ht)
.

The new ratio ϕPiot (V
Pi
t , rt,Ht)/V

Pi
t of housing owned is equal to previous

one and the shares xPiB,t and xPiS,t are not affected by the reduction factor.
We note that only the consumption and the total units of housing occupied

are reduced by the same factor 1/x1−γ(< 1, for γ > 1). The portfolio weights
(housing, stock and bond) are not modified.

His indirect utility is given by:3

E

[∫ T

0

U
(
cPit , ϕPiCt

)
dt+ Û

(
XTV

Pi
T

)
]
=

E



∫ T

0

e−δt

(
cPiαt ϕ

Pi(1−α)
Ct

)1−γ

1− γ
dt+ ζe−δT

V Pi
T

1−γ

1− γ
XT

1−γ


 .

4.2.3 Optimal solution with rational expectation

The individual maximizes his expected utility in particular knowing the exact
value x of the random shock XT . The individual maximizes his expected utility
in particular with respect to the probability distribution of the random shock
XT .

Proposition 7 With an exogenous reduction factor, the optimal consumptions

3 It is computed by assuming that the value x is random, since the individual knows x but
does not choose himself this latter value.
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and portfolio weights are given by:

cRt (Vt, rt,Ht) = V R
t

[
η

αν

1− α

Hk
t

ĝ(t, rt,Ht)

]
,

ϕRCt(Vt, rt,Ht) = V R
t

[
η

Hk−1
t

ĝ(t, rt,Ht)

]
,

ϕRot(Vt, rt,Ht) = V R
t

[
1

γ

ξI
σH

1

Ht
+

∂rĝ(t, rt,Ht)

ĝ(t, rt,Ht)

]
, (11)

xRS,t =
1

γ

ξS
σS

,

xRB,t =
1

γ

ξB
σB

−
σr
σB

∂rĝ(t, rt,Ht)

ĝ(t, rt,Ht)
,

where the function ĝR is defined by:

ĝR(t, rt,Ht) = E
[
X1−γ
T

]
g(t, rt,Ht).

Proof. Due to the random shock, the new utility on the terminal wealth is
defined by

ÛR
X(v) = E

[
(XTv)

1−γ

1− γ

]
.

Then, we apply previous optimization results with this modified utility on
the terminal wealth.

Corollary 8 The new perishable good consumption ratio cRt (V
R
t , rt,Ht)/Vt and

housing consumption ratio ϕRCt(V
R
t , rt,Ht)/V

R
t are respectively equal to the cor-

responding previous ones divided by E
[
X1−γ
T

]
. Thus they are smaller than previ-

ous ones for γ > 1. It means that, since the investor takes account of a potential
reduction of his terminal wealth, he reduces his intertemporal consumptions ac-
cording to his rational expectation, if his relative risk aversion is higher than 1.
Since we have:

∂rg(t, rt,Ht)

g(t, rt,Ht)
=

∂rĝ(t, rt,Ht)

ĝ(t, rt,Ht)
.

The new ratio ϕRot(V
R
t , rt,Ht)/V

R
t of housing owned is the and the shares

xRB,t is the same as previously and xRS,t are not modified by the reduction factor

1/E
[
X1−γ
T

]
.

It means that that only the consumption and the total units of housing occu-

pied are reduced by the same factor 1/E
[
X1−γ
T

]
(< 1, for γ > 1). The portfolio

weights (housing, stock and bond) remain the same.

His indirect utility is given by:

E

[∫ T

0

U
(
cRt , ϕ

R
Ct

)
dt+ Û

(
XTV

R
T

)
]
=
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E



∫ T

0

e−δt

(
cRαt ϕ

R(1−α)
Ct

)1−γ

1− γ
dt+ ζe−δT

V R
T
1−γ

1− γ
XT

1−γ


 .

5 Conclusion

Standard portfolio and consumption optimization models do not sufficiently take
account of potential additional shock that can occur suddenly and imply signif-
icant changes in optimal strategies. Such shock can correspond for instance to
loss of employment, divorce or death of one member of the couple. We show
how standard optimization solutions are modified by independent and exoge-
nous random shocks. We first consider a purely financial portfolio optimization
problem with three basic cases: myopic behavior, perfect foresight and finally
rational expectation. For the CRRA utility functions, we determine the explicit
optimal solutions. We compute the compensating variations between each pair
of solutions to measure the monetary losses due to total ignorance or partial in-
formation about shock randomness. Our results are illustrated by a numerical
base case that shows the importance of monetary losses when the random shock
is not taken into account or not exactly known at the initial date. Then we ex-
amine the problem of the determination of optimal housing, consumption and
financial investment strategies over the life-time cycle. In the CES and CRRA
case, we show how these optimal strategies are modified for the three cases. We
provide the exact solutions for each case. In particular, we determine exactly
how the potential shock changes or not the optimal strategies. We prove that
the financial shares are not affected while the consumption ratios are reduced
when the individual has a significant relative risk aversion.

References

[1] Anderson, S., de Palma, A., Thisse, J., (1992). A Discrete Choice Theory
of Product Differentiation, Cambridge: The MIT Press.

[2] d’Aspremont, C., Gevers, L., (2002). Social welfare functionals and in-
tertemporal comparability, in Handbook of Social Choice and Welfare, Vol
1, edited by K. J. Arrow, A. K. Sen, and K. Suzumura, Elsevier, Chapter
10.

[3] Bajeux-Besnainou, I., Jordan, J.V., Portait, R., (2001). An asset allocation
puzzle: comment. American Economic Review, 91, 1170-1179.

[4] Bajeux-Besnainou, I., Jordan, J.V. , Portait, R., (2003). Dynamic asset
allocation for stocks, bonds and cash. Journal of Business, 76, 263-287.

[5] Ben-Akiva, M., de Palma, A., Bolduc, D., (2002). Econometric methods
to assess investor’s risk tolerance. Paper presented at the European Invest-
ment Review meeting, London School of Economics.

20

Working Paper 3.1: Optimal housing                                        _____________________________________________ 23/02/2012



[6] Bertrand, P., Prigent, J.-L., (2003). Portfolio insurance strategies: a com-
parison of standard methods when the volatility of the stock is stochastic.
International Journal of Business, 8, 461-472.

[7] Campbell, J.Y. and Viceira, L.M., (2002). Strategic Asset Allocation: Port-
folio Choice for Long-Term Investors. Oxford University Press, New York.

[8] Chan, K., Karolyi, G., Longstaff, F., Sanders, A., (1992). An empirical
comparison of alternative models of the short term interest rate. Journal
of Finance, 47, 1209-1227.

[9] Cocco, J.F. (2005). Portfolio choice in the presence of housing. Review of
Financial Studies, 18, 535-567.

[10] Cocco, J.F., Gomes, F.J., Maenhout, P.J. (2005). Consumption and port-
folio choice over the life cycle. Review of Financial Studies, 18, 491-533.

[11] Cox, J., Huang, C.F., (1989). Optimal consumption and portfolio policies
when asset prices follow a diffusion process. Journal of Economic Theory,
49, 33-83.

[12] Cvitanic, J., Karatzas, I. (1996). Contingent claim valuation and hedging
with constrained portfolio. IMA volume in Math, Davis M., Duffie D.,
Fleming, W. and Shreve, S. eds, 65, 13-33.

[13] de Palma, A., Picard, N., (2006). Measuring risk tolerance. Working paper.
University of Cergy-Pontoise, THEMA, France.

[14] de Palma, A., Prigent, J.-L., (2008). Utilitarianism and fairness in portfolio
positioning, Journal of Banking and Finance, 32, 1648-1660.

[15] de Palma, A., Prigent, J.-L., (2009). Standardized versus customized port-
folio: a compensating variation approach. Annals of Operations Research,
165, 161-185.

[16] Detemple, J., Garcia, R., Rindisbacher, M., (2003). A Monte-Carlo method
for optimal portfolios. Journal of Finance, 58, 401-446.

[17] Detemple, J., Garcia, R., Rindisbacher, M., (2005). Intertemporal asset
allocation: A comparison of methods. Journal of Banking & Finance, 29,
2821-2848.

[18] Fleurbaey, M., Maniquet, F., (2007). Utilitarianism versus fairness in wel-
fare economics. In M. Fleurbaey,M. Salles and J. A. Weymark (eds), Justice,
Political Liberalism and Utilitarianism: Themes from Harsanyi and Rawls,
Cambridge: Cambridge University Press.

[19] Gollier, C., (2001). The Economics of Risk and Time. The MIT Press,
Cambridge, MA.

21

Working Paper 3.1: Optimal housing                                        _____________________________________________ 23/02/2012



[20] Karatzas, I., Lehoczky, J.P., Shreve, S.E., (1987). Optimal portfolio and
consumption decisions for a “small investor” on a finite horizon, SIAM
Journal of Control and Optimization, 25, 1557-1586.

[21] Karatzas, I., Shreve, S.E., (1998). Methods of Mathematical Finance,
Berlin: Springer-Verlag.

[22] Kraft, H. , Claus Munk, C. (2011): Optimal housing, consumption, and
investment decisions over the life-cycle, Management Science, 57(6),1025-
1041.

[23] Long, J.B., (1990). The numeraire portfolio. Journal of Financial Eco-
nomics, 26, 29-69.

[24] Merton, R.C., (1969). Lifetime portfolio selection under uncertainty: the
continuous-time case. Review of Economics and Statistics, 51, 247-257.

[25] Merton, R., (1971). Optimum consumption and portfolio rules in a
continuous-time model. Journal of Economic Theory, 3, 373-413.

[26] Merton, R., (1992). Continuous-Time Finance. Cambridge: Basil Black-
well.

[27] Prigent, J.-L., (2007). Portfolio Optimization and Performance Analysis.
Chapman & Hall, Florida.

[28] Samuelson, P.A., (1969). Lifetime portfolio selection by dynamic stochastic
programming. Review of Economics and Statistics, 51, 239-246.

[29] Vasicek, O., (1977). An equilibrium characterization of the term structure.
Journal of Financial Economics, 5, 177-88.

[30] Yao, R., Zhang, H.H. (2005). Optimal consumption and portfolio choices
with risky housing and borrowing constraints. Review of Financial Studies,
18, 197-239.

22

Working Paper 3.1: Optimal housing                                        _____________________________________________ 23/02/2012


	WP3.1 Optimal Housing
	Executive Summary

	optimalhousing-modified



